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Using the convex-roof extended negativity and the negativity of assistance as quantifications of
bipartite entanglement, we consider the possible remotely-distributed entanglement. For two pure
states |φ〉
AB
and |ψ〉
CD
on bipartite systems AB and CD, we first show that the possible amount
of entanglement remotely distributed on the system AC by joint measurement on the system BD
is not less than the product of two amounts of entanglement for the states |φ〉
AB
and |ψ〉
CD
in
two-qubit and two-qutrit systems. We also provide some sufficient conditions, for which the result
can be generalized into higher-dimensional quantum systems.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Quantum entanglement plays a crucial role in vari-
ous kinds of quantum information tasks such as quan-
tum teleportation, dense coding, and quantum cryptog-
raphy [1–3]. Whereas shared entanglement between dif-
ferent parties is generally consumed as a resource in the
tasks of quantum informational processing, generating
entangled states is usually expensive in practice. Fur-
thermore, due to the fragile nature of quantum entan-
glement, entanglement in quantum states (and thus its
non-classical ability for quantum information tasks) may
be gradually destroyed under the interaction with the en-
vironment, which is known as the decoherence. On this
account, it must be an important and necessary task to
provide an efficient way to create or distribute entan-
glement between desired parties, and hence it is surely
meaningful to quantify the possible amount of entangle-
ment distributed under given restricted conditions.
As a generalization of the entanglement swapping [4–
6], the distribution of entanglement through quantum
networks was characterized in qubit systems by using
the concurrence [7] as a measure of bipartite entangle-
ment: If we have two states ρAB and ρCD in two-qubit
systems AB and CD respectively, the possible entan-
glement, which can be remotely distributed on the sys-
tem AC by arbitrary measurement on the system BD
and classical communication, was shown to be always
bounded above by the product of two amounts of en-
tanglement for ρAB and ρCD [8]. Later, this bound was
generalized to arbitrary qudit systems by using the G-
concurrence [9] as another bipartite entanglement mea-
sure.
However, for a bipartite pure state in a d ⊗ d quan-
tum system, the G-concurrence is defined as the dth root
of the determinant of its reduced density matrix with a
proper normalization. Although the G-concurrence has
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several good properties such as computability and mul-
tiplicativity [9], it can only detect genuine d-dimensional
entanglement (that is, a bipartite pure state has a non-
zero value of G-concurrence if and only if its reduced
density matrix has full rank), and thus it has zero value
for a lot of entangled states in two-qudit systems whose
reduced density matrices are not of full rank. In other
words, the G-concurrence cannot even give us a separa-
bility criterion, which is one of requirements necessary
for entanglement measures.
Another well-known quantification of bipartite entan-
glement is the negativity [10], which is based on the pos-
itive partial transposition (PPT) criterion [11, 12]. The
PPT condition is known to provide us with a separabil-
ity criterion in the two-qubit system, and also a necessary
and sufficient condition for nondistillability in 2⊗d quan-
tum systems [13, 14]. However, in higher-dimensional
quantum systems rather than 2 ⊗ 2 and 2 ⊗ 3 systems,
there exist mixed entangled states with PPT, the so-
called PPT bound entangled states [13, 15], that is, there
exist entangled states whose negativity values are not
positive.
In order to overcome the lack of separability criterion
for mixed states, the negativity can be modified by means
of the convex-roof extension, which takes the minimal av-
erage of negativity values over all possible pure-state de-
compositions. This modified negativity for mixed states
is called the convex-roof extended negativity (CREN) [16],
and it gives a perfect discrimination between PPT bound
entangled states and separable states in any bipartite
quantum system.
Here, we provide a new bound for remotely-distributed
entanglement (RDE) using CREN and its dual quantity,
the negativity of assistance (NoA) [17]. Given a pair of
pure states |φ〉AB and |ψ〉CD in two bipartite systems
AB and CD respectively, we first show that the possible
RDE on the system AC by joint measurement on the
system BD is not less than the product of two amounts
of CREN for |φ〉AB and |ψ〉CD in two-qubit and two-
qutrit systems. For d ⊗ d quantum systems (d ≥ 4), we
provide some sufficient conditions of |φ〉AB and |ψ〉CD,
for which the result in lower-dimensional systems can be
2generalized.
This paper is organized as follows. In Section IIA, we
recall the definition of negativity, CREN, and NoA. In
Section II B, we derive an analytic lower bound of pos-
sible RDE for arbitrary dimensional quantum systems.
In Section IIIA, we establish the inequality for the lower
bound of the possible RDE in low-dimensional quantum
systems with respect to CREN and NoA. In Section III B,
we provide some sufficient conditions, for which the result
in low-dimensional systems can be generalized into arbi-
trary dimensional systems, and we summarize our results
in Section IV.
II. CONVEX-ROOF EXTENDED NEGATIVITY
AND NEGATIVITY OF ASSISTANCE
In this section, we recall the definitions of CREN and
NoA for bipartite quantum states. We also provide an
analytic lower bound of the distributed entanglement of
ρAC , which can be remotely prepared from two bipartite
states |φ〉AB and |ψ〉CD by a joint measurement in the
system BD.
A. Definitions
For a bipartite state ρAB in a dA⊗dB quantum system,
its negativity N (ρAB) is defined as
N (ρAB) =
∥∥∥ρTBAB∥∥∥
1
− 1
d− 1 , (1)
where ‖·‖1 is the trace norm, d=min{dA, dB}, and ρTBAB is
the partial transposition of ρAB [10]. For the case when
ρAB is a pure state |ψ〉AB with the following Schmidt
decomposition,
|ψ〉AB =
d−1∑
i=0
√
λi|ii〉, λi ≥ 0,
d−1∑
i=0
λi = 1, (2)
(without loss of generality, we may assume that the
Schmidt basis is taken to be the standard basis), its neg-
ativity can also be expressed in terms of its Schmidt co-
efficients, that is,
N (|ψ〉AB) =
2
d− 1
∑
i<j
√
λiλj . (3)
In order to compensate for the lack of separability cri-
terion in the negativity, CREN for a mixed state ρAB is
defined as
Nc(ρAB) = min
∑
k
pkN (|ψk〉AB), (4)
where the minimum is taken over all possible pure state
decompositions of ρAB =
∑
k pk|ψk〉AB〈ψk|.
In addition to separability criterion, CREN is known
to be a good entanglement measure in bipartite quantum
systems with the property of entanglement monotone:
CREN does not increase under local operations and clas-
sical communication [16]. Furthermore, as in the defini-
tion of entanglement of formation [18], CREN can also
be considered as the amount of entanglement needed to
prepare the state ρAB quantified by the negativity, that
is, the concept of formation.
As a dual quantity to CREN, NoA is defined as
N a(ρAB) = max
∑
k
pkN (|ψk〉AB), (5)
where the maximum is taken over all possible pure-state
decompositions of ρAB [17].
For the case when ρAB is a pure state, its CREN as
well as its NoA coincide with the original negativity, that
is,
Nc (|ψ〉AB) = N (|ψ〉AB) = N a (|ψ〉AB) , (6)
for any pure state |ψ〉AB.
We note that NoA in Eq. (5) is mathematically dual
to CREN in Eq. (4) because one of them is the minimal
average of entanglement over all possible pure-state de-
compositions whereas the other is defined as the maximal
one. Moreover, if we introduce a reference system C for a
purification of ρAB, it can be easily shown that there is a
one-to-one correspondence between the set of all possible
pure-state decompositions of ρAB and the set of all pos-
sible rank-one measurements on the system C. In other
words, N a(ρAB) is the maximal entanglement that can
be distributed between the systems A and B with the
assistance of the environment C, whereas Nc(ρAB) is the
minimal amount of entanglement needed to prepare ρAB.
Thus, NoA can also be considered as the quantity physi-
cally dual to CREN; the possible distribution versus the
concept of formation.
B. Analytic Lower Bound of the Distributed
Entanglement
Let us consider two-qudit pure states |φ〉AB =∑d−1
j=0
√
pj |j〉A|j〉B and |ψ〉CD =
∑d−1
j′=0
√
qj′ |j′〉C |j′〉D in
two bipartite quantum systems AB and CD respectively,
and let
|Ψk,l〉 = 1√
d
d−1∑
j=0
ωjl|j, j + k〉, (7)
be a maximally entangled state in d⊗d quantum systems
where ω = exp(2pii/d) is the dth root of unity. (Through-
out this paper, all indices are considered to be integers
modulo d.) The set S ≡ {|Ψk,l〉 : k, l = 0, . . . , d − 1}
forms an orthonormal basis for the d ⊗ d quantum sys-
3tem, and we furthermore have
1√
d
d−1∑
l=0
ω−lj |Ψj′−j,l〉 = 1
d
d−1∑
l,m=0
ωl(m−j)|m,m+ j′ − j〉
=
d−1∑
m=0
δm,j|m,m+ j′ − j〉
= |j, j′〉, (8)
for each j, j′ ∈ {0, . . . , d− 1}. Thus it follows that
|Φ〉ABCD ≡ |φ〉AB ⊗ |ψ〉CD
=
d−1∑
j=0
d−1∑
j′=0
√
pjqj′ |j, j′〉AC |j, j′〉BD
=
1√
d
d−1∑
l=0
d−1∑
j,j′=0
√
pjqj′ω
−lj |j, j′〉AC |Ψj′−j,l〉BD.
(9)
Assume that the system BD is measured in the basis
S and the measurement outcome is |Ψk,l〉BD for some k
and l. Then the resulting state in the system AC is the
normalized vector of
∣∣∣ψ˜k,l〉
AC
=
1√
d
d−1∑
j=0
√
pjqj+kω
−lj |j, j + k〉AC
=
√
rk,l|ψk,l〉AC , (10)
where rk,l is the probability of the measurement outcome,
that is, rk,l =
∣∣∣〈ψ˜k,l|ψ˜k,l〉∣∣∣.
Because we have N
(
|ψ˜〉
)
= pN (|ψ〉) for any unnor-
malized state |ψ˜〉 = √p|ψ〉 with 〈ψ|ψ〉 = 1, the average
negativity that can be distributed on the system AC from
the state |Φ〉ABCD in Eq. (9) by the joint measurement
on the system BD with respect to the basis S is∑
k,l
pk,lN
(|ψk,l〉AC) = ∑
k,l
N
(∣∣∣ψ˜k,l〉
AC
)
=
2
d− 1
d−1∑
k=0
∑
j<j′
√
pjqj+k
√
pj′qj′+k
=
2
d− 1
d−1∑
k=0
∑
j<j′
√
pjpj′
√
qj+kqj′+k.
(11)
Thus, from Eq. (11) together with the definition of NoA
in Eq. (5), we have
N a (ρAC) ≥ 2
d− 1
d−1∑
k=0
∑
j<j′
√
pjpj′
√
qj+kqj′+k, (12)
where ρAC = trBD|Φ〉ABCD〈Φ|, which is an analytic
lower bound of the possible RDE onto the system AC.
Remark that, for arbitrary pair of pure bipartite states,
the bound in (12) also holds since local unitary operations
preserve the inequality, and that the bound is a tight one
since it is straightforward to check that the inequality
is saturated when both |φ〉AB and |ψ〉CD are maximally
entangled states.
III. BOUND ON POSSIBLE
REMOTELY-DISTRIBUTED ENTANGLEMENT
In this section, using the analytic lower bound in (12),
we show that the possible RDE on the system AC by
joint measurement on system BD is not less than the
product of two amounts of entanglement for |φ〉AB and|ψ〉CD for several cases, by employing CREN and NoA.
A. Low-dimensional systems: Qubits and Qutrits
We first consider the case that d = 2. Then we
have |φ〉AB =
√
p0|00〉AB +
√
p1|11〉AB and |ψ〉CD =√
q0|00〉CD +
√
q1|11〉CD. In this case, the right-hand
side of the inequality (12) becomes
4
√
p0p1
√
q0q1 = Nc (|φ〉AB)Nc (|ψ〉CD) , (13)
and we have
N a (ρAC) ≥ Nc (|φ〉AB)Nc (|ψ〉CD) . (14)
We now take account of the case that d = 3. Then we
have |φ〉AB =
√
p0|00〉AB +
√
p1|11〉AB +
√
p2|22〉AB and|ψ〉CD =
√
q0|00〉CD+
√
q1|11〉CD+
√
q2|22〉CD. As in the
case that d = 2, the right-hand side of the inequality (12)
becomes
(
√
p0p1 +
√
p0p2 +
√
p1p2) (
√
q0q1 +
√
q0q2 +
√
q1q2) ,
(15)
which is equal to Nc (|φ〉AB)Nc (|ψ〉CD). Therefore, we
are ready to have the following theorem.
Theorem 1. For any states |φ〉AB and |ψ〉CD in d ⊗ d
quantum systems AB and CD with d = 2, 3, the possible
RDE onto the system AC by joint measurement of the
systems B and D is always bounded below by the product
of two CREN values of |φ〉AB and |ψ〉CD, that is,
N a (ρAC) ≥ Nc (|φ〉AB)Nc (|ψ〉CD) . (16)
B. General Quantum Systems
While there is a simple equality between the right-hand
side of the inequality (12) and Nc (|φ〉AB)Nc (|ψ〉CD)
in low-dimensional quantum systems, it can be easily
checked that such a direct equality does not hold for
general case of higher-dimensional systems when d ≥ 4.
Here, we provide two sufficient conditions for general
4states of |φ〉AB and |ψ〉CD to have the same relation as
in the inequality (16).
One simple sufficient condition is that |φ〉AB or |ψ〉CD
is a d-dimensional maximally entangled state. Suppose
|φ〉AB is a maximally entangled state, that is,
|φ〉AB =
1√
d
d−1∑
j=0
|jj〉AB. (17)
Because Nc (|φ〉AB) = N (|φ〉AB) = 1, it can be easily
checked that the right-hand side of the inequality (12)
becomes
2
d− 1
∑
j<j′
√
qjqj′ = Nc (|ψ〉AB)
= Nc (|φ〉AB)Nc (|ψ〉AB) . (18)
Hence, in this case, we can readily obtain the same in-
equality as in (16).
Now, let us consider another sufficient condition that
the states |ψ〉AB and |φ〉CD have the same Schmidt co-
efficients, that is, pj = qj for each j = 0, . . . , d− 1.
First assume that d ≥ 3 is odd. Then there exist a
positive integer n such that d = 2n+ 1. Let us define a
set S as
S ≡ {√pipj : 0 ≤ i < j ≤ d− 1}, (19)
and, for each l = 1, . . . , n, its subset Pl as
Pl ≡ {√p0pl,√p1p1+l, . . . ,√p2np2n+l}, (20)
where all indices are integers modulo d as mentioned be-
fore. It is then straightforward to check that the subsets
Pl and Pl′ do not intersect with each other if l 6= l′, and
S =
⋃n
l=1 Pl. In other words, Pl’s form a partition of the
set S.
Now, for each l = 1, . . . , n, let
sl ≡ √p0pl +√p1p1+l + · · ·+√p2np2n+l, (21)
which is the sum of all elements in Pl. Then the right-
hand side of the inequality (12) becomes
2
d− 1
d−1∑
k=0
∑
j<j′
√
pjpj′
√
pj+kpj′+k =
1
n
n∑
l=1
s2l . (22)
Furthermore, we obtain
Nc (|φ〉AB)Nc (|ψ〉CD) = (Nc (|φ〉AB))2 =
(
1
n
n∑
l=1
sl
)2
.
(23)
By letting K = ∑nl=1 s2l /n and L = (∑nl=1 sl/n)2, we
have the following equalities
n2 (K − L) = (n− 1)
n∑
l=1
s2l − 2
∑
l<l′
slsl′ =
∑
l<l′
(sl − sl′)2 ,
(24)
which is clearly nonnegative. Hence, it follows that
N a (ρAC) ≥ K ≥ L = Nc (|φ〉AB)Nc (|ψ〉CD) . (25)
We now assume that d is even such that d = 2m
for some positive integer m. Similarly, for each l =
1, . . . ,m − 1, let us define the subset Ql of the set S
in Eq. (19) as
Ql ≡ {√p0pl,√p1p1+l . . . ,√p2m−1p2m−1+l} (26)
and the subset Qm as
Qm ≡ {√p0pm,√p1p1+m . . . ,√pm−1p2m−1}. (27)
Then it is also straightforward to check that Ql ∩ Ql′ is
the empty set for l 6= l′ and S = ⋃ml=1Ql. Let us define
tl ≡ √p0pl +√p1p1+l + · · ·+√p2m−1p2m−1+l, (28)
for each l = 1, . . . ,m− 1, and
tm ≡ √p0pm +√p1p1+m + · · ·+√pm−1p2m−1, (29)
which are the sums of all elements inQl for l = 1, . . . ,m−
1 and Qm, respectively.
Now, the right-hand side of the inequality (12) becomes
2
d− 1
d−1∑
k=0
∑
j<j′
√
pjpj′
√
pj+kpj′+k =
2
2m− 1
(
m−1∑
l=1
t2l + 2t
2
m
)
.
(30)
Moreover, we have
Nc (|φ〉AB)Nc (|ψ〉CD) = (Nc (|φ〉AB))2
=
(
2
2m− 1
)2(m−1∑
l=1
tl + tm
)2
.
(31)
By letting U = 2
(∑m−1
l=1 t
2
l + 2t
2
m
)
/ (2m− 1) and V =
4
(∑m−1
l=1 tl + tm
)2
/ (2m− 1)2, we obtain
5(2m− 1)2
2
(U − V) = (2m− 1)
(
m−1∑
l=1
t2l + 2t
2
m
)
− 2
(
m−1∑
l=1
tl + tm
)2
= (2m− 1)
m−1∑
l=1
t2l + 2(2m− 1)t2m − 2


(
m−1∑
l=1
tl
)2
− t2m − 2tm
m−1∑
l=1
tl


= 2(m− 2)
m−1∑
l=1
t2l − 4
∑
l<l′
tltl′ +
m−1∑
l=1
t2l − 4tm
m−1∑
l=1
tl + 4(m− 1)t2m
= 2
∑
l<l′
(tl − tl′)2 +
m−1∑
l=1
(tl − 2tm)2 , (32)
which is clearly nonnegative as well. Therefore, it follows
that
N a (ρAC) ≥ U ≥ V = Nc (|φ〉AB)Nc (|ψ〉CD) . (33)
Now, we are ready to have the following theorem.
Theorem 2. Let |φ〉AB and |ψ〉CD be any pure states in
two d⊗d quantum systems AB and CD respectively, and
assume that they have the same Schmidt coefficients or
one of them is maximally entangled. Then the possible
RDE onto the system AC by joint measurement on the
systems B and D is always bounded below by the product
of two CREN values for |φ〉AB and |ψ〉CD, that is,
N a (ρAC) ≥ Nc (|φ〉AB)Nc (|ψ〉CD) . (34)
Due to the continuity of the inequality (34) with re-
spect to the Schmidt coefficients of |φ〉AB and |ψ〉CD, we
note here that Theorem 2 also holds if |φ〉AB and |ψ〉CD
have similar Schmidt coefficients to each other, or one of
them is nearly maximally entangled.
IV. SUMMARY
We have provided the bound for RDE using CREN
and NoA. For a pair of pure states |φ〉AB and |ψ〉CD
in quantum systems AB and CD respectively, we have
shown that the possible RDE on AC by joint measure-
ment of BD, N a (ρAC), is bounded below by the prod-
uct of two amounts of entanglement in terms of CREN
or the negativity, Nc (|φ〉AB)Nc (|ψ〉CD), for the case of
low-dimensional quantum systems. We have also pre-
sented some sufficient conditions of the states |φ〉AB and|ψ〉CD, for which the result of low-dimensional systems
can be generalized into higher-dimensional quantum sys-
tems. Our result also provides an operational interpreta-
tion of NoA as the capacity of possible RDE.
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